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ABSTRACT

We study the problem of estimating the sensor lifetime fol-
lowing an event based control strategy. The sensor is used to
observe a continuous process and the measurement produced
by the sensor is sent to a base station only if the observed
parameter deviates from the model by a given threshold.
Using this event based control strategy, we are able to show
that the expect lifetime of the sensor grows quadratically
with the size of the monitoring region, and is inversely pro-
portional to the square of the diffusion coefficients of the
process and measurement noises. Simulations are provided
to verify the theory developed.
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1. INTRODUCTION

Wireless sensor networks consist of large number of small
devices, capable of some limited computation, communica-
tion and sensing, operating under energy constraints, see
[9]. These networks are intended for a broad range of envi-
ronmental sensing applications from weather data-collection
to target tracking and habitat monitoring, see [2] [3].

Energy efficiency is one of the primary goals in these
networks, because networks operate on small inexpensive
batteries with limited lifetimes. It has been documented
that sensors spend most of their energy during communica-
tion, and the amount of energy consumed for sensing and
data processing is considered negligible, see [7]. This sug-
gests power management strategies for sensor communica-
tion which depend on the problem at hand. For example in
target tracking or intrusion detection where great accuracy
is needed to localize and then intercept a target, then sensors
such as radars are required to produce measurements on a
regular time basis. Other systems instead are required to re-
spond only to rare events. For example, diagnostic systems
in modern buildings employ sensors and actuators to moni-
tor air temperatures, room temperatures, air pressures, etc..
over time, and issue alerts when values exhibit a significant
deviation from normal operating conditions. This requires
the design of an architecture where sensors only transmit
when a specific event occurs, thereby obtain an event-based
control scheme, see [6]. The scheme is illustrated in Figure
1. The plot shows a model that predicts a parameter of in-
terest, in this case the temperature of an environment, as a
function of time. Associated with this model is a tolerance
band: a binary signal is only sent by the monitoring sensor
when the temperature crosses this tolerance band. The bi-
nary information is used to discriminate whether the upper
or lower part of the band was crossed.

The main contribution of our paper is an analytical for-
mula to characterize the average lifetime of a monitoring
sensor on the basis of the system parameters. The formula
can be used for energy efficient design and sensitivity analy-
sis. The rest of the paper is organized as follows. Section 2
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Figure 1: Event based control scheme using a single
sensor monitoring the temperature of an environ-
ment.

presents the general setup, the problem of interests and in-
troduces the mathematical framework for our problem. Sec-
tion 3 contains the main result. Section 4 presents numerical
simulations to further support the validity of the analytical
findings. Section 5 concludes the paper. More proofs and
results are provided in the appendices.

2. GENERAL SETUP
2.1 Model Definition

We begin by describing the model of process and measure-
ment noise used in this paper. We consider two independent
noise sequences:

e The process noise at time ¢t is defined to be f(¢) —g(t),
where f(t) is the true value of a parameter at time ¢
and g¢(t) is the value predicted for that parameter by
the model at time ¢.

e The measurement noise at time t is the difference m(t)—
f(t), where m(t) is the observed value at time ¢ for the
parameter.

A signal is generated by the sensor when the measure-
ment deviates from the current model by more than a given
threshold +, i.e. when

Im(t) —g(t)] >~ (1)

Thus a signal is generated when the observed value (process
noise plus measurement noise) exceeds the threshold. Since
we assume that measurements are being taken continuously,
we model both measurement noise and model noise as con-
tinuous time stochastic processes.

In habitat monitoring applications, measurements are pro-
duced by an instrument that consists of redundant digi-
tal transducers and Wiener (Brownian) noise is usually the
dominant noise component, see [1]. Therefore, we use the
Wiener process to model the measurement noise. Let us
denote by Xt(l) the measurement noise at time t. Then its
dynamics is described by the stochastic differential equation

dx =a-awt (2)

with Wt(1> being a one-dimensional Wiener process, and «
being the diffusion constant.

We choose to model the process noise using an Ornstein-
Uhlenbeck (OU) process [4], a mean-reverting gaussian pro-
cess which experiences a drift towards the initial value of
magnitude proportional to its displacement. This is because
if the used model is accurate, then we expect the process
noise to always revert towards the reversion level zero. In
mathematical terms, an OU process is the solution of the
stochastic differential equation

dX? = —kxPdt + cdw? (3)

where Wt<2) is a one-dimensional Wiener process, and x and
o are positive constants, representing respectively the mean
reversion speed and the diffusion level.

In our study we assume that Wt(l) and Wt(Q) are indepen-
dent.

2.2 Problems of interest

We present a study case of a network consisting of two
sensors; the first sensor also referred to as the monitoring
sensor is employed to measure a parameter of interest in
the outside environment (such as pressure or temperature)
and the second sensor, also referred to as the base station is
used to perform the estimation of the parameter. In order
to minimize the amount of energy expenditure, we consider
that the two sensors share a model and that a binary sig-
nal is only sent by the monitoring to the base station when
the parameter of interest deviates from the model by more
than a specified threshold. All this raises two interesting
questions:

(1) Performance characterization of sensor lifetime: how
do we characterize the average lifetime of the moni-
toring sensor, knowing that it will only communicate
to the base station when a significant model deviation
occur?

(2) Constrained estimation: How does the base station up-
date the estimate of the parameter using the received
measurements and the random times at which these
are sent?

Due to space limitations, in this paper we only address
the first question, and leave the second question open for
future research.

2.3 Mathematical Formulation

Equation (1) can be reformulated as
X+ X7 > (4)

where Xt(1> and Xt<2) have been defined respectively in eq.(2)
and eq.(3). The inequality (4) defines a region where the de-
viation of the measurement from the model is smaller than
~v. We denote this area by Qo. The boundary 9o consists
of two parallel lines denoted by I'_; (left line) and I'; (right
line). When the measurement exceeds the model prediction
by 7, then the monitoring sensor sends a binary signal to the
base station. The new model used will be centered around
either I'_1 or I'; depending on the hit boundary. The devi-
ation from the model will be of the same size v. We propose
the following mathematical formulation to represent the set



of model deviations used over time:
Qe ={(z1,22) 1 [v1 + T2 — kY| <7}, k€EZ (5)

Equation (5) splits the plane into overlapping regions. Sim-
ilarly to the base case above, the boundary 02 consists of
two parallel lines that belong to 2;_1 and Qj+1 denoted by
I'x,—1 and T'x41 respectively. An illustrative example includ-
ing few regions is presented in Figure 2.
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Figure 2: Regions Q_1,Qy and

3. MAIN RESULT

We provide an analytical characterization of the average
lifetime of the sensor battery, given an initial energy level ¢,
and an energy expenditure e required for each communica-
tion. Let us denote by

M=: (6)

the number of communication periods before the sensor runs
out of battery. Let 7; denotes the i-th hitting time of the
boundary of some region. The random variable L denoting
the sensor lifetime is defined as

M
LZZTi (7)

The main result of the paper is stated in the following the-
orem

THEOREM 1. The average lifetime of the sensor is given
by:
2

_ gl
E[L] =M 010 (8)

In order to prove the theorem, we first prove the lemma
LEMMA 1. Assume (Xél),XSQ)) = (x,—xz). The expected
waiting time before the first signal is sent is given by
2

N

E = — 9

[Tl] 052(1+O'2) ( )

Proor. Using Dynkin’s Lemma stated in Appendix B,
we have that

BLG. X)) = fle.—a) + B| [7 20, x)as
0
(10)

where L is the generator of the diffusion process associated
to eq.(2) and eq.(3), and f is an arbitrary smooth function.
The detailed development of the generator is given in Ap-
pendix A. Here, only the final expression is reported

L= —KT20g, + %(0428519:1 + 0285212> (11)

In order to use eq.(10) to compute the expected inter-arrival
time, we choose a function f such that

(1) f(XﬁP, Xﬁ?) does not depend on 71, and it is easy to
compute.

(2) ﬁf is easy to compute and the result is a simple func-
tion of 71, so that the integral in eq.(10) is easily to
evaluate.

In order to satisfy both (1) and (2) we choose a function f
which is identically zero on the boundary of the region and
such that £f = 1, so that the integral in eq.(10) is just 71.
Then, eq.(10) would reduce to

Eln] = —f(z, —x) (12)

Therefore, the problem is reduced to finding the solution of
the ordinary differential equation with Dirichlet zero-boundary
conditions given by

Lf =1

f(mla xQ) = 0,

Using regular perturbation theory, we are able to derive an
approximate solution of eq.(13). The detailed development

is presented in Appendix C. Here, we only state the final
result given by

|z1 + @2| = (13)

(21 + x2)? "

Flay,wz) = 2(1+0?)  a?(1+o02)

(14)

The statement of the lemma follows immediately from
O

. 2
eq.(14) since f(z,—x) = —m~

We now proceed to prove the main theorem.

PROOF. Since our process is Markovian, the inter-arrival
time between two consecutive hits is independent of the re-
gion. Therefore, the random variables 71,72, ..., T are sta-
tistically identical. The proof of the theorem 1 follows from
the linearity of the expectation and the above observation
as detailed next

E[L]

E[Z 7]
= ZE[H]

= ME[Tﬂ

e (15)

O

Equation (15) shows that the time needed before the sen-
sor battery is exhausted grows quadratically with the size of
the monitoring region v and it is inversely proportional to
the square of diffusion coefficients o and « of the process and
measurement noise. From a theoretical point of view, this



makes intuitive sense because larger v means larger monitor-
ing regions and therefore longer time is needed to hit their
boundaries. Moreover, large diffusion coefficients make the
process visit a larger portion of the state space in a smaller
amount of time, thus increasing the time needed to touch the
boundary of the region. Formula (15) has also implications
from a design point of view. Larger accuracy of measur-
ing devices (small «) impacts favorably the sensor lifetime,
namely increasing it by a quadratic factor. The diffusion
constant o of the model noise reflects the accuracy of the
model used. If a predictive model that tracks measurements
with great accuracy is used, this will result in the model
noise process having a large coefficient for the mean rever-
sion speed k and a small diffusion coefficient o. According
to our formula (15) this will result in a quadratic gain in the
average sensor lifetime.

The choice of the size v of the monitoring region requires
designers to make a tradeoff between estimation accuracy
and energy consumption. Large values of 7 increase the
average sensor lifetime by a quadratic factor, but at the
same time increase the estimation error of the true state
due to the smaller number of generated signals. An exact
characterization of the relation between the estimation error
and the size 7 of the region is left for future research.

4. NUMERICAL SIMULATIONS

The objective of this section is to test the estimation
power of our formula in estimating the average time of inter-
arrival between consecutive signals.

4.1 The simulation Method

We simulate the Brownian paths as the limit of a random
walk, i.e. using the update equation

XY+ AT) = XD (1) + aV/ATN(0,1) (16)

where N(0,1) is a standard gaussian random variable. An
exact analytical update formula for the Ornstein-Uhlenbeck
process is known [5]. We simulate the sample path of the
process X<2>(t) in eq.(3) using the update equation

XP@t+At) = XD (t)u+oxN(0,1) (17)
where
2
p=e " ok = -(1- ) (18)

We set the time discretization AT to 0.01 sec.

4.2 Expected Sensor Lifetime: Numerical ver-
sus Estimated

We conduct a series of experiments to support the validity
of the theoretical derivations given in Section 3. To make
the simulations realistic, we consider Berkeley Mica motes
which have been used for habitat monitoring applications,
see [3]. Mica runs on a pair of AA batteries, which have
been estimated to supply 2200 mAh at 3 volts. The cost
of a packet transmission is 20.000nAh. Assuming that the
energy is only dissipated through packet transmission, we
obtain that a number of 110 transmissions can be executed
before the mote runs out of battery. Following their study,
we set M = 110 in our simulations.

All experiments performed in this section are based on
a number of one-thousand Monte-Carlo runs and the stan-
dard deviation « of the measurement noise is set to 1. The

Expected sensor lifetime using Monte—carlo (min.)

Figure 3: Expected sensor lifetime estimated using
one-thousand Monte-carlo runs. The mean rever-
sion speed is set to kK = 0. The time is measured in
minutes

Expected sensor lifetime using Analytical Result (min.)

{

Figure 4: Expected sensor lifetime predicted using
formula (8). The mean reversion speed is set to
x = 0. The time is measured in minutes.

objective of the conducted experiments is to test the esti-
mation power of our formula (8) against different choices of
the diffusion coefficient ¢ and of the mean reversion speed
k. Clearly, we expect better results when o is small since
the formula has been derived under the approximation that
o is zero. Moreover, the introduced approximation makes
the expected energy lifetime independent of x, but in gen-
eral one expects the mean reversion speed k to affect the
expected sensor lifetime, especially for large values of the
diffusion coefficient 0. As k gets smaller, the effect of the
introduced approximation gets reduced. In the limiting case
when k = 0, sz) degenerates to a Wiener process, and our
formula becomes exact. This can be confirmed from Figures
3 and 4, where an extremely good match is observed for
the all range of o and « values. In case when k # 0, then
we expect our formula to be a good predictor of interarrival
times for small . We ran two experiments, only differing in
the choice of the mean reversion speed parameter x, which
is set to 1 for the first and to 3 for the second experiment.



Expected sensor lifetime using Monte—carlo (min.)

Expected sensor lifetime using Analytical Result (min.)

Figure 5: Expected sensor lifetime. The mean re-
version speed is set to kK =1, o € [0.01,0.4]. The time
is measured in minutes.
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Figure 6: Expected sensor lifetime. The mean re-
version speed is set to k = 1, 0 € [0.4,0.8]. The time
is measured in minutes.
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Figure 7: Expected sensor lifetime. The mean re-
version speed is set to kK = 3, o € [0.01,0.4]. The time
is measured in minutes.
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Expected sensor lifetime using Analytical Result (min.)

Figure 8: Expected sensor lifetime. The mean re-
version speed is set to kK = 3, o € [0.4,0.8]. The time
is measured in minutes.

We consider values of o ranging in [0.01, 0.8] with a step size
of 0.01, and values of v ranging in [0.1, 10] with step size 0.5.

The results are reported in Figures 5-8. We can see from
the graphs that the Monte-carlo estimates agree very nicely
with the values predicted by the theoretical formula when
o < 0.4. In case when o gets larger, then the theoretical
formula tends to overestimate the expected sensor lifetime,
and the overestimation gets larger as the size of the region ~y
increases. This comes as no surprise since the validity of the
formula is based on small values of the diffusion coefficient o.
It may be argued that increasing the mean reversion speed x
makes the process revert faster towards zero, thus increasing
the time needed to touch the boundary of the region, and
our formula does not account for that. This adds evidence to
the fact that our formula tends to overestimate the expected
sensor lifetime. However, a closer look at the Monte-carlo
estimates reported in the figures show that the expected
sensor lifetime is not much sensitive to .

5. CONCLUSIONS

In this paper we have studied the problem of estimating
the expected sensor lifetime in event based control systems.
We have presented a study case consisting of a monitoring
sensor which sends signals only when significant deviations
from expected behavior occur. We have derived an analyti-
cal formula to predict approximately the average sensor life-
time under the assumption that the model deviation and the
noise of the measuring device are respectively an Ornstein-
Uhlenbeck and Wiener process. We have verified by means
of Monte-carlo runs that the introduced approximation does
not impact the estimation accuracy of the expected sensor
lifetime when the diffusion coefficient of the process repre-
senting the model deviation is not too large. Furthermore,
our formula becomes exact as the mean reversion speed goes
to zero. In a future continuation of the work, we would like
to study the relation between the size of the monitoring
region and the state estimation error introduced when us-
ing signals received at those random times to perform the
estimation. We are also interested in extending the current



work to a wireless sensor network consisting of a larger num-
ber of sensor nodes. In addition to some appropriate sensor
scheduling schemes, we would like to show how such event
based scheme can help increase the overall network lifetime.
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APPENDIX
A. THE GENERATOR

An Tto diffusion process has the general form
dX: =b(X¢)dt +6(X¢)dW (19)
where X € R, b: R4 - R4, 6 : R? —» R? x R, and W is

an R%-valued Wiener process. The generator of the process
[4] is a linear operator of the form

A & 0 1 &
L=2 big, t52 0ubng g (20
=1 =1

For our Ito diffusion process given by eq.(2) and (3) we
have:

d=2 b(X,) = ( —HS(EQ) > 6(Xy) = ( o 2 ) (21)

Therefore, applying the formula given by eq.(11) we obtain
that the generator on R? is

~ 1
L= —hw20a, + 5 (&aﬁm + 02852“) (22)

B. THE DYNKIN’S LEMMA

We use a result from stochastic analysis known as Dynkin’s
lemma, and stating:

LEMMA 2 ([8]). Let X; be a diffusion process and f be
a smooth function. Suppose T is a stopping time such that
E[7] < co. Then

B = £(0) + E[ | cf<x;‘>ds} (23)

where XY is a process starting at x at time 0 and L is the
generator of the diffusion process X.

C. THE EXPECTED INTERARRIVAL TIME

The generator the diffusion process in eq.(11) is given by
A 1
L= i[aQaﬁlzl —+ 0'283212] — kX205, (24)

We need to solve the boundary value problem £f = 1 in
the strip Q := {(z1,22) : |z1 + z2| < 7} (zero boundary
conditions). To make the problem tractable, we introduce
the following change of coordinate:

o = 2

V1402

o = T + X2 yo =

1= —F——— Y2 =
V1402

We then have that

(25)

2

[0
Oziay = m(aylyl +200y,y, + 0'283423/2) (26)
sy = 1+o2 (028y1y1 —200y,y, + Oyayy)  (27)
0oy = — 9 L (28)

— 0,
Vitoz ' o/1+o02 7

and from eq.(25) we have that

) (29)

x2

o
= i e

Therefore, the generator 24 can be rewritten in the (z,y)
system of coordinates as

s (40705, +20(a—1)0;,,, + (a0® +1)0;

;7 Y1y2 Y2y2
2(1+40?)
,KUleayl — 0(y10y, — Y20y, ) + Y20y, (30)
1402
and the region becomes
Q= {(,92) : lyr| < ==} (31)

V1402

Regular perturbation theory may now be applied to this
problem. For the lowest order approximation, obtained set-
ting o to zero, we get that

2

a2(17+ = (32)

is a solution of the boundary value problem.

1 5
Fly,y2) = Pl





